In our previous work, we proposed simulation-based controllability and simulation-based observability as properties of the specification to guarantee the existence of a bisimilarity supervisor. However, a given specification may not satisfy these conditions. Then, a natural question is how to compute a feasible sub-specification. To answer this question, this paper investigates the computation of supremal simulation-based controllable and strong observable subautomata by using lattice theory. First, three monotone operators-simulation operator, controllable operator and strong observable operator are constructed upon a complete lattice. Based on these operators, inequalities are then formulated, whose solution is a simulation-based controllable and strong observable set. In particular, a sufficient condition is presented to guarantee the existence of a supremal simulation-based controllable and strong observable subautomaton. When such an existence condition holds, an algorithm is further proposed to compute the supremal simulation-based controllable and strong observable automaton.
INTRODUCTION
Bisimulation was introduced in [1] as a behavioral equivalence between two dynamical systems, and since then it has been used widely in the study of discrete event systems (DESs) [2] , linear systems [3] , probabilistic systems [4] , and hybrid systems [5] . Bisimulation provides a stronger equivalence than the extensively studied language equivalence [9] . It is known that the language generated by two bisimilar systems are equivalent, but the systems possessing the same language might not be bisimilar. Moreover, two bisimilar systems have equivalent reachability properties, or more generally, preserve properties specified in terms of temporal logic such as CTL* [12] . Therefore, bisimilarity control that aims to achieve a bisimulation between the controlled system and the specification has attracted lots of research attentions these years.
In [7] , Tabuada and Pappas investigated the synthesis of controllers enforcing bisimulation equivalence for affine systems. This result was extended to various systems such as nonlinear control systems, behavioral systems and hybrid systems by means of category theory [8] . With respect to discrete event systems, the control for bisimulation equivalence was studied in [13] . A small model theorem was established to show that a bisimilarity supervisor exists if and only if it exists over the power set of Cartesian product of system and specification state spaces. In our previous work [14] , we addressed the design of supervisors to achieve a bisimulation between the supervised system and the specification, where the plant and the specification are generally described as nondeterministic automata.
Different from the existing literature, a simulation-based
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framework was proposed to characterize the existence of a bisimilarity supervisor. It was shown that a bisimilarity supervisor exists if and only if the specification is simulationbased controllable and simulation-based observable. However, a given specification does not always satisfy those conditions. Then, a natural question is how to compute a feasible sub-specification. To address this question, we would like to calculate the supremal simulation-based controllable and strong observable subautomata. Please note that the existing work for the calculation of supremal controllable/normal sublanguages are based on language controllability/normality [15] , [16] . To our best knowledge, there is no work considering the computation of supremal subautomata with respect to simulation-based controllability as well as simulation-based observability, where the specifications are given as automata instead of languages.
In this paper, we first construct three monotone operatorssimulation operator, controllable operator and strong observable operator upon a complete lattice. Based on these operators, inequalities are then formulated, whose solution is a simulation-based controllable and strong observable set. In particular, a sufficient condition is presented to guarantee the existence of a supremal simulation-based controllable and strong observable subautomaton. When such an existence condition holds, an algorithm is further proposed to compute the supremal simulation-based controllable and strong observable automaton.
The rest of paper is organized as follows. Section 2 gives the preliminary. Section 3 reviews the work that has been done under full observation. Section 4 studies the computation of supremal simulation-based controllable and strong observable subautomata under partial observation. An illustrative example is provided in Section 5. The paper concludes with Section 6.
Preliminary
A nondeterministic DES is modeled as an automaton G = (X, Σ, x 0 , α, X m ), where X is the set of states, Σ is the set of events, α : X ×Σ → 2 X is the transition function, x 0 is the initial state and X m ⊆ X is the set of marked states. The active event set at state x is defined as Γ(x) = {σ ∈ Σ | α(x, σ) is de-fined}. Let Σ * be the set of all finite strings over Σ including the empty string . The transition function α can be extended to α : X × Σ * → 2 X in a natural way [9] . For X 1 ⊆ X, the notation α| X 1 ×Σ means α is restricted from a smaller domain X 1 × Σ to 2 X 1 . The language generated by G is defined as L(G) = {s ∈ Σ * | α(x 0 , s) is defined}. The event set can be partition into Σ = Σ uc∪ Σ c , where Σ uc is the set of uncontrollable events and Σ c is set of controllable events. Under partial observation, it can be also partitioned into Σ = Σ uo∪ Σ o , where Σ uo is the set of unobservable events and Σ o is the set of observable events. Given an event string s ∈ Σ * , the length of the string s, denoted as |s|, is the total numbers of events in the string and s(i) is the i th event of this string, where 1 ≤ i ≤ |s|. When a string of events occurs, the sequence of events is filtered by a projection P: Σ * → Σ * o , which is defined inductively as follows: P( ) = , for σ ∈ Σ and s ∈ Σ * , P(sσ) = P(s)σ if σ ∈ Σ o , otherwise, P(sσ) = P(s). Next, we present the accessible operator.
Definition 1 Given an automaton G = (X, Σ, x 0 , α, X m ), the accessible operator on G, denoted as Ac(G), is an automaton
It can be seen that the states which are not accessible from the initial state are removed by the accessible operator.
As a behavioral equivalence, bisimulation equivalence is stronger than language equivalence and it is captured by the following definition. Definition 2 Given G 1 = (X 1 , Σ, x 01 , α 1 , X m1 ) and G 2 = (X 2 , Σ, x 02 , α 2 , X m2 ), a simulation relation φ is a binary relation φ ⊆ X 1 × X 2 such that for any x 1 ∈ X 1 and x 2 ∈ X 2 ,
The automaton G 1 is said to be simulated by G 2 , denoted by 1 and φ is symmetric, φ is called a bisimulation relation between G 1 and G 2 , denoted by G 1 φ G 2 . We sometimes omit the subscript φ from ≺ φ or φ when it is clear from the context.
We now review the notions of simulation-based controllability and simulation-based observability, which characterize the existence of a bisimilarity supervisor in our past work [14] . Definition 3 Given a plant G = (X, Σ, x 0 , α, X m ) and a specification R = (Q, Σ, q 0 , δ, Q m ), R is said to be simulationbased controllable with respect to G and Σ c if:
Definition 4 Given a plant G = (X, Σ, x 0 , α, X m ) and a specification R = (Q, Σ, q 0 , δ, Q m ), R is said to be simulationbased observable with respect to G, Σ c and P if:
Remark 1 Our previous work [14] showed that a supervisor enforcing a bismulation between the supervised system and the specification exists if and only if the specification is simulation-based controllable and simulation-based observable.
In this paper we would like to obtain a feasible subspecification which guarantees simulation-based controllability, simulation-based observability and optimality. Thus, we need the following concepts from lattice theory.
Definition 5 Given a set A, a partial order relation, denoted by ≤, over A is a reflexive, antisymmetric and transitive relation. The pair (
Please note that some proofs are omitted due to space limitations. The interested readers can refer to [17] for more details.
Full Observation
It is known that a feasible subspecification should be simulation-based controllable and simulation-based observable. In this section, we focus on simulation-based controllability under full observation. We start by introducing a class of subspecifications as below.
It can be seen that the subautomaton G 1 is naturally simulated by G. Further, when G is nondeterministic, G 1 can be nondeterministic or deterministic.
Denote sub(G) as the set of all subautomata of G. Given Z ⊆ X, we can construct a subautomaton of G by the subautomata operator Rc : 2 X → sub(G), which is defined as:
Rc(Z) = Ac(X rc , Σ, x 0 , α rc , X mrc ), where X rc = Z, X rcm = X m ∩ X rc , and α rc = α | X rc ×Σ . In addition, the subautomaton relates to a complete lattice, as it is stated as follows.
Then, the simulation operator and the controllable operator are constructed based on the complete lattice [10] . We first introduce the simulation operator.
Next, we investigate the properties of the simulation operator. From Proposition 2, we can see that the simulation operator enforces the simulation relation. Furthermore, the simulation operator is shown to be monotone by Proposition 3.
Before presenting the controllable operator, we need the following concepts. Definition 8 Given G = (X, Σ, x 0 , α, X m ) and a state x ∈ X, the string set of x, denoted by S x , is defined as S
Definition 9 Given a plant G = (X, Σ, x 0 , α, X m ) and a specification R = (Q, Σ, q 0 , δ, Q m ), the simulation-based controllable product of R and G is an automaton:
Then, the controllable operator is built upon the complete lattice (2 Q×X , ⊆).
Definition 10
Given a plant G = (X, Σ, x 0 , α, X m ), a specification R = (Q, Σ, q 0 , δ, Q m ) and an automaton Rc(Z)
The proposed controllable operator drives the subautomaton of the specification to satisfy the Controllable Condition, which is captured by the following proposition.
Moreover, the following notion is presented to guarantee the monotonicity of the controllable operator (See Proposition 5).
Definition 11 Given a plant G and a specification R = (Q, Σ, q 0 , δ, Q m ), R is said to be calculable for the supremal simulation-based controllable subautomaton with respect to G and Σ c if it satisfies: 
Partial Observation
In this section, we consider simulation-based observability which is also be required by a feasible subspecification. Here, we can not directly study simulation-based observability because it is not closed under state union. To solve this problem, we introduce the notion of simulation-based strong observability. Before presenting simulation-based strong observability, we need the following concepts and results.
Definition 12
Given a plant G = (X, Σ, x 0 , α, X m ) and a specification R = (Q, Σ, q 0 , δ, Q m ), the observable product of R and G, denoted by R × o G, is an automaton
the transition function is defined as:
We can see that the state in R × o G is a pair of states reachable by indistinguishable strings of R and G and vice-versa. It is captured by the following proposition. Definition 13 Given a simulation-based observable product R × so G = (X so , Σ, q 0 × x 0 , γ so , X som ) and s 1 ∈ L(R), the equivalent projection string set of s 1 with respect to the plant G is defined as S s 1 
Then, we present simulation-based strong observability.
Definition 14
Given a plant G = (X, Σ, x 0 , α, X m ), a specification R = (Q, Σ, q 0 , δ, Q m ) and their simulation-based observable product R × so G = (X so , Σ, q 0 × x 0 , γ so , X som ), R is said to be simulation-based strong observable with respect to G, Σ c and P if it satisfies:
The set Q 1 × X 1 ⊆ Q × X is said to be a simulation-based strong observable set if Q 1 × X 1 is a simulation relation from R to G and Rc(Q 1 × X 1 ) satisfies the Strong Observable Condition. The set Q 1 × X 1 ⊆ Q × X is said to be a simulationbased controllable and strong observable set if Q 1 × X 1 is a simulation-based strong observable set and Rc(Q 1 × X 1 ) satisfies the Strong Observable Condition.
Further, the relationship between simulation-based strong observability and simulation-based observability is illustrated as follows. Similar to the previous section, we would like to construct a strong observable operator to enforce simulationbased strong observability. Before providing such an operator, the following notions are introduced.
Definition 15 Let G = (X, Σ, x 0 , α, X m ) be a plant, R = (Q, Σ, q 0 , δ, Q m ) be a specification, R × so G = (X so , Σ, q 0 × x 0 , γ so , X som ) be their simulation-based observable product and Rc(Z) = (Q rcz , Σ, q 0 , δ rcz , Q rczm ) be a subautomaton for Z ⊆ Q × X . For any s 1 ∈ L(Rc(Z)), s 2 ∈ S s 1 and σ ∈ Σ c , the state failure set of s 1 for strong observability, denoted by Q ds 1 (Z), is defined as:
Then, the strong observable operator is constructed based on the complete lattice (2 Q×X , ⊆).
Definition 16
Given a plant G = (X, Σ, x 0 , α, X m ), a specification R = (Q, Σ, q 0 , δ, Q m ) and a subautomaton Rc
The following proposition indicates that the strong observable operator can be used to enforce the Strong Observable Condition. Moreover, if the specification satisfies the following condition, the strong observable operator is guaranteed to be monotone (See Proposition 9). Definition 17 Given a plant G and a specification R = (Q, Σ, q 0 , δ, Q m ), R is said to be calculable for the supremal simulation-based strong observable subautomaton with respect to G, Σ c and P if it satisfies:
Proposition 9 Given a plant G = (X, Σ, x 0 , α, X m ), a specification R = (Q, Σ, q 0 , δ, Q m ) and the sets Z, Z ⊆ Q × X, if Z ⊆ Z and R is calculable for the supremal strong simulation-based observable subautomaton with respect to G, Σ c and P, then F so (Z) ⊆ F so (Z ).
Supremal Simulation-based Strong Observable Subautomata
By combing the simulation operator with the strong observable operator, a sufficient condition is proposed for the existence of a supremal simulation-based strong observable set.
be a set of fixed points of h 2 . For any Q 1 × X 1 ∈ 2 Q×X and identify function F(Q 1 × X 1 ) = Q 1 × X 1 , the function h 2 : 2 Q×X → 2 Q×X is defined as:
If (q 0 , x 0 ) ∈ Q 1 × X 1 and R is calculable for the supremal simulation-based strong observable subautomaton with respect to G, Σ c and P, then supY = supY 2 and any Q 1 × X 1 ∈ Y is a simulation-based strong observable set.
, we obtain that Q 1 × X 1 is a simulation relation from R to G by Proposition 2. Moreover, Proposition 8 indicates that Rc(Q 1 × X 1 ) satisfies the Strong Observable Condition because (Q 1 × X 1 ) ⊆ F so (Q 1 × X 1 ). Hence, Q 1 × X 1 is a simulation-based strong observable set. In addition, the simulation operator F s and the strong observable operator F so are monotone according to Proposition 3 and Proposition 9, and the identity function F(Q 2 × X 2 ) = Q 2 × X 2 is disjunctive. Hence, supY = supY 2 from Lemma 2.5 and Theorem 2.7 in [11] .
Further, an algorithm is presented to compute the supremal simulation-based strong observable subautomaton. Algorithm 1 Given a plant G = (X, Σ, x 0 , α, X m ) and a specification R = (Q, Σ, q 0 , δ, Q m ), the algorithm for computing the supremal simulation-based strong observable subautomaton with respect to G, Σ c , and P is described as follows:
Step 1. Let y 0 = Q× X, ∀l ≥ 0, y l+1 = h 2 (y l ) until y l+1 = y l .
Step 2. If (q 0 , x 0 ) ∈ y l and R is calculable for the supremal simulation-based strong observable with respect to G, Σ c and P, then Rc(y l ) is the supremal simulation-based strong observable subautomaton with respect to G, Σ c , and P.
Theorem 1 Algorithm 1 is correct.
Proof 3
We have y l = supY by Theorem 2.8 [11] and Proposition 10. Further, y l is a simulation-based strong observable set if (q 0 , x 0 ) ∈ y l and R is calculable for the supremal simulation-based strong observable subautomaton with respect to G, Σ c and P. Therefore, y l is a supremal simulationbased strong observable set. Then, we build the subautomton Rc(y l ). Hence, Rc(y l ) is a supremal simulation-based strong observable subautomaton with respect to G, Σ c , and P.
Remark 2 Algorithm 1 can be terminated because the state numbers of G and R are finite. Since G and R are nondeterministic, their transition numbers are O(|X| 2 × |Σ|) and O(|Q| 2 ×|Σ|) respectively. So the complexity of the simulationbased observable product is O(|Q| 2 ×|X| 2 ×|Σ| 2 ) and the complexity of the simulation operator is O(|Q| 2 × |X| 2 × |Σ|) with the most iterative time |X| × |Q|. In addition, the complexity of checking the calculability of the specification R for the supremal simulation-based strong observable subautomaton with respect to G is O(|X| 2 ×|Σ|+|Q| 2 ×|X| 2 ×|Σ| 2 ). Therefore, the complexity of Algorithm 1 is O(|Q| 3 × |X| 3 × |Σ| 2 ).
Supremal Simulation-based Controllable and Strong Observable Subautomata
Further, we study the condition for the existence of a supremal simulation-based controllable and strong observable subautomaton.
be a set of fixed points of h 3 . For any Q 1 × X 1 ∈ 2 Q×X and identify function F(Q 1 × X 1 ) = Q 1 × X 1 , the function h 3 : 2 Q×X → 2 Q×X is defined as:
If (q 0 , x 0 ) ∈ Q 1 × X 1 and R is calculable for supremal simulation-based controllable and strong observable subautomaton with respect to G, Σ c and P, then supY = supY 3 and any Q 1 × X 1 ∈ Y is a simulation-based controllable and strong observable set.
The computation of the supremal simulation-based controllable and strong observable subautomaton is presented in the following algorithm. Algorithm 2 Given a plant G = (X, Σ, x 0 , α, X m ) and a specification R = (Q, Σ, q 0 , δ, Q m ), the algorithm for computing the supremal simulation-based controllable and strong observable subautomaton with respect to G, Σ c and P is described as follows:
Step 1. Let y 0 = Q × X, ∀n ≥ 0, y n+1 = h 3 (y n ) until y n+1 = y n .
Step 2. If (q 0 , x 0 ) y n and R is calculable for the supremal simulation-based controllable and strong observable subautomaton with respect to G, Σ c and P, Rc(y n ) is a supremal simulation-based controllable and strong observable subautomaton with respect to G, Σ c and P.
Theorem 2 Algorithm 2 is correct.
Remark 3 Because of finiteness of state numbers of G and R, Algorithm 2 is guaranteed to be terminated. It can be seen that the complexities of Algorithm 1 and the simulationbased controllable product are O(|Q| 3 × |X| 3 × |Σ| 2 ) and O(|Q| 2 × |X| 2 × |Σ|) respectively. In addition, the complexity of checking the calculability of the specification R for the supremal simulation-based controllable subautomaton is O(|X| 2 × |Σ| + |Q| 2 × |Σ|). As a result, the complexity of Algorithm 2 is O(|Q| 3 × |X| 3 × |Σ| 2 ).
Remark 4
Since simulation-based strong observability implies simulation-based observability, the supremal simulation-based controllable and strong observable subautomaton is simulation-based controllable and observable.
EXAMPLE
The proposed method is illustrated by the following example.
Example 1 Consider a plant G = (X, Σ, α, x 0 , X m ) and a specification R = (Q, Σ, δ, q 0 , Q m ), which are shown in Fig.  1 and Fig. 2 (Left) . Assume Σ uc = {e, g} and Σ uo = {g}. The control aim is to obtain a supervisor S such that the supervised system S /G is bisimilar to R. From the results in [14] , it is known that such a bisimilarity supervisor S exists if and only if R is simulation-based controllable and observable. However, the given specification R is not simulationbased controllable and observable. Therefore, we would like to calculate the supremal simulation-based controllable and strong observable subautomaton of R, which ensures We adopt Algorithm 2 to calculate the supremal simulation-based controllable and strong observable subautomaton. It can be seen that the given specification is calculable for such a kind of subautomata. By using the controllable operator and the strong observable operator, we obtain that 3 , 7 ∈ Q d (Q × X), 2 ∈ Q d (Q × X) and y 1 = h 3 (Q × X) = {(0 , 0), (1 , 1), (1 , 2), (4 , 3), (4 , 4), {5 , 6 , 8 , 9 , 11 , 12 , 13 } ×{5, 6, 7, 8, 9, 10, 11, 12, 13, 14}, (10 , 8) , (10 , 9) , (14 , 15) } in the first iteration. Further, y 2 = h 3 (y 1 ) = y 1 and (0 , 0) ∈ y 2 . Hence, the supremal simulation-based controllable and strong observable subautomaton is achieved in Fig. 2 (Right) . 
CONCLUSIONS
By resorting to lattice theory, we proposed a computational approach to calculate the simulation-based controllable and strong observable subautomaton for a given specification. This kind of subautomaton can be seen as a feasible subspecification for bisimilarity control of nondeterministic DESs. A sufficient condition was provided to guarantee the existence of a supremal simulation-based controllable and strong observable subautomton. When such a condition holds, an iterative algorithm was presented to calculate the supremal simulation-based controllable and strong observable subautomton.
